We discuss some of the main features of a recently-generated form of hybrid entanglement between discrete-and continuous-variable states of light. Ideally, such a kind of entanglement should involve single-photon and coherent states as key representatives of the respective categories of states. Here we investigate the characteristics and limits of a scheme that, relying on a superposition of photon-creation operators onto two distinct modes, realizes the above ideal form of hybrid entanglement in an approximate way.
Introduction
Entanglement between two heterogeneous parts of a composite system is often referred to as hybrid. The two subsystems can differ in their nature (an electromagnetic field and a matter system), their size (microscopic and macroscopic), or in the way they are most conveniently described (for example, in a discrete-and continuous-variable framework).
Realizing hybrid entangled states is of high interest for several different reasons. On one side, it can help to answer fundamental questions, related, for example, to the border between quantum and classical domains, and well represented by the so-called Schrödingerʼs cat paradox [1] , where the states of a microscopic quantum system and a macroscopic classical one are entangled. On the other, hybrid entangled states could become important tools for quantum technologies; for example for converting quantum information between different formats and encodings [2] to optimize its transmission, manipulation, and storage (see [3, 4] for recent reviews). One could store quantum information in an atomic memory, use hybrid atom-light entanglement to convert it into a flying single-photon qubit, and then exploit hybrid discrete/continuous variable (DV/CV) entanglement to transform it into a coherent-state superposition (a CV qubit) before undergoing deterministic quantum operations.
Restricting ourselves to the optical domain, a particularly representative implementation of hybrid entanglement is indeed the one that entwines the state of a single photon with that of a coherent state. Coherent states can be treated semiclassically in many situations, and are therefore considered as a good picture of a macroscopic state of light, described in a CV framework. On the other hand, a single photon constitutes the minimum, quantized amount of energy available in a given mode of light, so it represents the best example of a microscopic optical quantum system, which is usually described in a DV framework.
The microscopic-macroscopic aspects of optical hybrid entanglement have recently been the subject of intense experimental research [5] [6] [7] . Here, we concentrate on the more general features of hybrid DV/CV entanglement, which have the potential of exploiting both the wave and particle natures of light in a novel integrated platform for advanced quantum optical technologies. In fact, a hybrid scheme exploiting, at the same time, both DV and CV states, encodings, gates, measurements, and techniques, would allow one to circumvent most of the limitations related to using only either discrete or continuous degrees of freedom, and to develop unprecedented capabilities. These include the possibility of violating Bellʼs inequalities with imperfect detectors [8] or performing quasi-deterministic quantum information tasks, like teleportation, using linear optics [9] .
DV-only schemes can usually achieve high fidelities, but at the expense of hard-to-scale probabilistic implementations. Conversely, CV-only methods usually enjoy deterministic operations, high detection efficiencies, unambiguous state discrimination and more practical interfacing with conventional information technology, but they suffer from strong sensitivity to losses and intrinsically limited fidelities. Moreover, the usual Gaussian states and operations of the CV-only toolbox do not allow one to execute important tasks like entanglement distillation, quantum error correction, nor universal quantum computing.
Hybrid DV/CV entanglement is therefore a convenient bridge between these two types of encodings and may soon become an important resource for exploiting the best features of the two worlds. In the following, we will describe the properties of an experimentally implementable version of hybrid entanglement recently realized in our lab [10] .
Generation of an hybrid entangled state
We generate a hybrid DV/CV entangled state by means of a coherent superposition of the photon creation operator onto two distinct modes, indicated as 1 and 2, initially containing the vacuum ( 0 1 | 〉 ) and a coherent state ( i 2 α | 〉 ). The experimental implementation of superpositions of conditional quantum operations, like photon creation, has been recently demonstrated by our group and used for testing some fundamental quantum rules [11] . It is based on the indistinguishability of the herald photons from different processes and it is obtained, for example, by mixing them on a beam-splitter (BS) before detection. In the particular case discussed here, the superposition r a ta eˆˆ(1)
can be obtained by using two single-photon-addition devices on modes 1 and 2 and mixing the herald photons onto a BS of transmittivity t and reflectivity r t 1 2 = − with a relative phase ϕ (see figure 1) . A click in a single-photon detector at one of the BS outputs erases the information as to which of â 1 † or â 2 † occurred, while making sure that one of these two events certainly happened. The photon addition can either take place in the first mode, creating a single photon 1 1 | 〉 and leaving unchanged the initial coherent state i 2 α | 〉 , or in the second one, leaving the vacuum 0 1 | 〉 and producing a singlephoton-added coherent state (SPACS) â
Each single-photon addition operation can be experimentally realized in the signal mode of a low-gain parametric down-converter upon detection of an idler photon [12, 13] . If the signal mode of the first down-converter is not seeded, while a coherent state is injected in the signal mode of the second, the superposition of operators of expression (1) can thus be applied to the initial state 0
Once the probabilities of the two parts of the superposition are balanced by adjusting the BS reflectivity as a function of i α , and the phase ϕ is set to 0 for simplicity, the resulting state becomes
The next step is then to note that the SPACS [14] , i.e. the result of the application of the photon creation operator onto a coherent state with amplitude α, can be approximated by a coherent state of larger amplitude
and that their fidelity is maximized for an optimal gain factor g g opt = , where
For large coherent state amplitudes, i.e. in the limit of 1 α ≫ , the gain decreases (g 1 opt → ), but the fidelity of the SPACS to a larger coherent state g opt α | 〉 tends to 1. On the other hand, for small coherent state amplitudes, the gain gets larger, but the corresponding fidelity of the resulting SPACS to a coherent state decreases because the state tends to a single photon (the explicit expression for the fidelity as a function of α, also in the more general case of multiple photon additions is given in [10] ).
For sufficiently large input coherent state amplitudes, one can therefore approximate the state of equation (2), at the output of the superposition of photon addition operations as:
This state presents DV/CV entanglement between a single-photon component in one mode and a coherent state component in the other. It can be put in a more symmetric form by applying a displacement operator on mode 2 that translates back both coherent states i 2 α | 〉 and g i 2 α | 〉 towards the origin of phase-space by an amount corresponding to their center of gravity g 1 2( )
The ideal ( ) ψ α | 〉 state can be considered as an optical implementation of the Schrödingerʼs Gedanken experiment, as it manifests entanglement between quantum (single photon) and classical states (coherent state) of light.
We can quantify the degree of entanglement in the state by calculating the so-called negativity of the partial transpose (NPT) [15] [16] [17] , which is proportional to the sum of the negative eigenvalues i λ − of a partially-transposed state density matrixρ, and is therefore defined as:
where the factor 2 is introduced to guarantee that 0 NPT(ˆ) 1 ρ ⩽ ⩽ . In figure 2 we plot the behavior of this measure of entanglement for the ideal hybrid entangled state ( ) ψ α | 〉 as a function of the amplitude of the coherent state component. The degree of entanglement clearly depends on the amplitude α of the coherent state component: the state becomes factorizable for 0 α → , whereas it becomes maximally entangled in the limit of 1 α ≫ , when the classical part becomes macroscopic and the two coherent states α | ± 〉 minimize their overlap.
So far, the main proposals for the generation of this kind of hybrid entangled states [18] [19] [20] were based on cross-Kerr interaction of single photons and coherent states in a crystal; however, it is well known that this type of nonlinearity is extremely difficult to achieve in practice. The main advantage of our approach (and of recently demonstrated similar ones [21] ) is that it simply relies upon the realization of a superposition of photon creation operations on two distinct modes. This is a non-deterministic operation that suffers from the same limitations of conditional schemes for single-photon generation. Actually, being based on a single-photon addition to either of two modes by stimulated parametric down-conversion, it may actually have a higher success rate than singlephoton generation by the spontaneous process. It is also worth noting that, although probabilistic, this scheme is not based on post-selection but rather on heralding, meaning that the hybrid entangled states remain fully available to further processing after their generation.
The detailed experimental procedure to generate and analyze the hybrid entangled state described above can be found elsewhere [10, 22] . Note, however, that the simplified scheme presented in the text and shown in figure 1 is not the actual one used in the experiments. Instead of two distinct spatial modes, our approach makes use of two different traveling wavepacket temporal modes [23] , along the line of Fransonʼs-type [24] experiments and of time-bin encoding of quantum information [25] . It has several practical advantages compared to its spatial-mode version; for example, by operating in the time domain on the same spatial mode, a single parametric down-converter is required for implementing photon addition, and a single homodyne detector suffices for the analysis of the two modes.
Fidelity and entanglement
The state S ψ | 〉 of equation (6) is the one that can be experimentally generated, but it is just an approximation of the ideal hybrid entangled state ( ) ψ α | 〉 of equation (7). Both its fidelity to the ideal state and its degree of entanglement depend on the initial parameter i α . The fidelity can be simply calculated as ( ) where we used the definition of f α given in equation (8) α | 〉 become less and less distinguishable in this case. As discussed above, even if the degree of entanglement gets smaller in these conditions, the fidelity of the implemented state to an ideal hybrid state of small amplitude increases.
Entanglement-induced coherence
An interesting feature of the hybrid entangled states studied here arises when tracing out the classical mode 2. In general, tracing out one mode of an entangled state leaves the other in an incoherent mixture. This is the case, for example, of the simple path-entangled single-photon state (11), and the off-diagonal terms in the density matrix of the first mode disappearˆ( α . Also plotted is the purity of the state in the first mode after tracing out the state of the second mode. The larger the two-mode entanglement, the more mixed is the traced state in the first mode.
with Tr {ˆ} α ≫ . The more entangled the two-mode state, the less pure (more mixed) is the first mode after tracing out the second. instead represents an unperturbed coherent state. In both cases, the presence of non-zero off-diagonal blocks shows the highly coherent nature of the entangled states. Figure 6 shows the experimentally reconstructed density matrices ( figure 6(a) ) and Wigner functions ( figure 6(c) ). A detection efficiency of 63% has been accounted for in the maximum-likelihood reconstruction procedure [26, 27] . A comparison of these results with those of figures 5(b) and (d) shows the good agreement with the expected hybrid entangled state S ψ | 〉. Residual discrepancies are due to small phase offsets and fluctuations appearing during the long data acquisitions both in the coherent superposition of the two photon-addition operations that generates the entangled state, and between such a state and the local oscillator field used for homodyne detection. Another source of experimental imperfections is related to the finite purity of the generated state, due to the finite width of spatial and spectral filters in the herald (idler) mode of the parametric down-converter, and to the dark counts in the herald single-photon detector.
Results and discussion
It is also probably worth spending a few moments in analyzing the application of a global π phase shift on the entire ideal hybrid entangled state ( ) ψ α | 〉, with respect to a phase reference. The effects of its hybrid nature clearly appear if one considers that a π phase would not change the states in the extreme DV or CV cases, i.e. in the path-entangled singlephoton state 1 ψ | 〉 of equation (11), or in the entangled 
but it drastically modifies the form of the hybrid one:
( ) e e e e 1 2 0 1 (16) 
Conclusions
In conclusion, we have described some of the main features of a hybrid entangled state based on the superposition of two photon-creation operations on two distinct field modes initially containing a coherent state and the vacuum. This state, which has been recently realized experimentally in our laboratory [10] , may be an important milestone, both from the fundamental perspective and for possible applications in the processing of quantum information. It may allow the implementation of deterministic gates specifically designed for hybrid qubits and of hybrid quantum teleportation protocols between wave-like (coherent state) and particle like (single photon) states [28] for future heterogeneous quantum networks. 
